Recently proposed by Korsch and Glück [Eur. J. Phys. 23, 413 (2002)] an extremely simple method for computation of eigenvalues via direct representation of position and momentum operators in matrix form is successfully applied to the calculation of energies of the ground and excited states of the x 2 y 2 Hamiltonian and its supersymmetric quantum matrix extensions.
Introduction
The concept of supersymmetry or fermion-boson symmetry is one of the most fascinating topics in the quantum field theory, which provides a unified description of bosons and fermions [1] [2] [3] [4] [5] . Although it has not yet been observed in nature, thousands of papers have been written on this subject. Its validity in particle physics follows from the common belief in grand unification through the feasibility of incorporating quantum gravity. Supersymmetric quantum mechanics, introduced in 1981 by Witten [6] is based on the simplest superalgebra, in order to provide a simple non-relativistic model for the spontaneous SUSY breaking mechanism. Witten's formulation of non-relativistic SUSY quantum mechanics attracted considerable attention in the last decade and is still serving as a useful tool in quantum physics rest on the existence of two operatorsQ andP .Q is called the supercharge andP is Witten parity operator with eigenvalues ± 1. The quantum system is supersymmetric if operators obey the following rules:
H =Q 2 , P 2 = 1 .
Supersymmetry transformations are generated aŝ
An interesting example is superchargê
where a x , a y are components of external vector potential, characterizing a magnetic field B z = ∂ x a y − ∂ y a x , which is perpendicular to the x-y plane. The corresponding supersymmetric Hamiltonian
is identical with the two-dimensional Pauli Hamiltonian. The Pauli matrices are formulated in the following way:
Ground state energy of this Hamiltonian is zero, as has been shown by Aharonov and Casher [7] using Atiyah-Singer index theorem.
Matrix representation and spectrum of x 2 y 2 Hamiltonian
In 1983 B. Simon in his remarkable paper [8] solved the problem suggested by J. Goldstone and R. Jackiw on the existence of discrete spectrum for the HamiltonianĤ =p 
When looking at the x 2 y 2 potential shown in Fig. 1 , it is clear that the existence of the bound states is not trivial, especially when compared with potential of the archetypal two-dimensional harmonic oscillator shown in the left panel. It is naturally expected that systems with potentials equal to zero on an unbounded set, have continuous spectrum. Using five different methods, Simon demonstrated the discreetness of the spectra. The reason that the spectrum turns out to be exclusively discrete is due to the quantum fluctuations in the transverse directions, as has been only recently shown by Korcyl [9] . When a particle is moving in one of the valleys, the transverse potential is the potential of a harmonic oscillator with frequency proportional to the distance from the centre of valley. The zero-mode energy of such fluctuations increases when the particle is moving deep into the valley. Therefore, the particle is exposed to an effective potential barrier, which prevents it from escaping.
Recently, Korsch and Glück in [10] proposed a new, extremely simple method for computation of eigenvalues via representation of position and momentum operators in matrix form, and our first aim is to apply it for the calculation for the energies of the ground and excited states of the x 2 y 2 Hamiltonian. First, we would rewrite Hamiltonian given by (6) in the mathematically more precise form of Kronecker tensor product. For this purpose, we introduce the definition of the Kronecker tensor product of two matrices. Let A := [a ij ] be a matrix of the order of m × n and B := [b kl ] be a matrix of the order of r × s. Then, the Kronecker product of A and B is defined as 
Position and momentum operators,x andp respectively, are represented (in a basis of normalized eigenstates of harmonic oscillator |µ ) by matrices x and p, respectively [10] 
Thus, the x 2 y 2 Hamiltonian (6) is expressed in matrix form using the Kronecker product asĤ
where I N is the unit matrix of dimension N . The obtained eigenvalues for various dimensions of matrix representation of Hamiltonian (10) are given in Table I . As can be seen, the convergence of (non-degenerate) ground state ( Fig. 2) 3. Supersymmetric extension of x 2 y 2 Hamiltonian
Supermembranes represent models of supersymmetric extended objects and can be obtained as a large N limit of supersymmetric quantum mechanical model of N × N matrices. To investigate potential instability of supermembranes, de Witt et al. [11] proposed a toy model of supermembrane as a supersymmetric extension of x 2 y 2 Hamiltonian
The supercharge for this model is given bŷ
and the Witten parity operator
Such a triple Ĥ ,P ,Q exhibits supersymmetry rules (2).
The supersymmetric x 2 y 2 Hamiltonian (11) has a representation in matrix formĤ
where I N is the unit matrix of dimension N .
In the previous section, we have shown that the spectrum of bosonic x 2 y 2 Hamiltonian is discrete and particle is confined. Now, we have much more complicated situation, because previously system looked like harmonic oscillator in vicinity of the potential valley, but now inclusion of fermionic part may lower the energy barrier to zero value (ground state energy of supersymmetric system, with unbroken symmetry, equals exactly to zero). It means that the supermembrane would be unstable. To calculate eigenvalues of this interesting model, we have successfully used the Korsch-Glück matrix method [10] .
Calculated two-fold degenerated eigenvalues of SUSY Hamiltonian (11) are listed in Table II. The Korsch and Glück method works well also for supersymmetric extension of x 2 y 2 Hamiltonian, but the convergence is slower (Fig. 3) as has been already shown on this and related supersymmetric models [12] [13] [14] [15] [16] [17] [18] [19] [20] . One can predict the energy of the ground state as a function of the number of basis functions with very high accuracy, but in any concrete numerical calculation (using a finite basis) it cannot be expected to get zero energy, unless the limiting case of infinite basis is considered [16] . This supersymmetric x 2 y 2 model has two flat directions (x, 0) and (0, y). In a recent study [12] , one flat direction has been eliminated using potential
These authors studied also a third model with both flat directions removed using potential x 2 (y 2 + 1) 2 + y 2 . This is also a supersymmetric model with supercharge
and Hamiltonian
As has been shown [12] , a model without flat directions (potential x 2 (y + 1) 2 + y 2 in direction (x → ∞, y = −1) remains equal to 1) has a non-empty continuous spectrum comprising the interval [1, ∞) (Fig. 4) , moreover, there is a ground state with energy ∼ 0.8 below the bottom of the essential spectrum. Our results shown in Table III numerically support this hypothesis, with energy E 0 converged to value E 0 = 0.88549 (see Table III and Table IV for comparison). The convergence of eigenvalues is much faster compared with the model with flat directions (Fig. 5 and 6 ). (17) with eigenvalue space spanned by interval [1, ∞] . There is also ground state eigenvalue below E 1 as reported in [12] . Convergence rates of ground state energy for all studied models are summarized in Fig. 7 . The slowest convergence rate is observed for supersymmetric model with two flat directions, slightly better convergence is found for model with one flat direction, and for remaining two models with discrete levels, convergence rate is very fast, similar to those observed for onedimensional cases studied in [10] . 
TABLE IV
Eigenvalues of the of SUSY x 2 y 2 Hamiltonian in [12] with potential with one flat direction (15) for various dimension N of x and p matrices. (17) with potential without flat directions [12] . Fig. 7 . Comparison of convergence rates of four above mentioned models (bosonic model x 2 y 2 , supersymmetric models with both flat directions (super1), with one flat direction (super2) and the toy model with a gap (super3) [12] ) reported in previous sections. Absolute error (E N − E 0 ) is evaluated considering the reference E 0 calculated at dimension N = 80, whilst E N corresponds to energy value at particular dimension N .
Further inspection of convergence patterns are given in following figures (Figs. 8 to 11 ). According to goodnesses of fits, the statement about nature of ground energy state can be suggested. In a particular case, the distinction between discrete and continuous energy state is acquired by considering suitable functional fit to calculated x and p matrices dimension dependent energy values. The dependences of eingenvalues on cut-off of basis functions involved in calculation have been demonstrated by [9, [17] [18] [19] 21] . As far as the particular set of cut-off or (N -dependent) energies resembles 1/N or slower functional form (as in our case 1/ (N ) ), the state belongs to continuous energy spectrum. On the other hand, discrete energy spectrum is spanned by states which convergence is of exp(−N ) fast type. Whether 1 (N ) type or 1/N type fit is selected relies on comparison of their goodness (statistic measures how successful the fit is in description of the data variation in our cases R-square and root mean square error (RMSE) for particular cases are considered. R-square and RMSE are also reported for exponential fits in Figs. 8 to 11 ). The graphs of residuals of E values (E(N ) − E(N ) fit ) are also attached as subfigures for detailed insight into the quality of fits. 
Conclusion
We have tested the method of Korsch and Glück [10] on several nontrivial examples of supersymmetric quantum models. The ground and a few excited states of them were determined and results are very accurate and very easy to obtain. As can be seen from Matlab code in Appendix, the realization of the method we have used, is very effective and gives the possibility to calculate the non-pertubative effects, therefore the method can be very useful in more realistic cases, including advanced topics of quantum field theory. Matlab code for the calculation of the first 20 eigenvalues of Hamiltonian with potential (15) with only on flat direction [12] format long N =50; s = 1; n = 1:N -1; m = sqrt(n); x1 = s/sqrt (2) 
